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Abstract. We give the superdiffeomorphisms transformations of the four-dimensional topological
Yang-Mills theory in curved manifold and we discuss the ultraviolet renormalization of the model.
The explicit expression of the most general counterterm is given.
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1 Introduction
Some years ago Witten introduced the topological Yang-Mills model [1] in order to give a
quantum field theoretical interpretation of the Donaldson polynomials [2]. These polynomials
are global topological invariants, and correspond to the observables of a general covariant field
theory on a four manifold, which can be viewed as a twisted version ofN = 2 supersymmetric
Yang-Mills field theory.
A further step in this direction was accomplished by the authors of [3], [4] and [5]. Indeed,
they reformulated the model in the BRS [6] framework, which, after gauge fixing, yields
to the topological Yang-Mills theory. And in fact it was observed that such theory arise
after gauge-fixing a topological invariant term. The renormalization of such a theory was
considered in [7] – [13].
The physical motivation behind studying the topological quantum field theories (see
[14] for a general review), is that they may give us a description of a phase of unbrocken
diffeomorphisms invariance in quantum gravity.
One motivation of the present paper is to analyse the ultraviolet behaviour of the topolog-
ical Yang-Mill theory on a curved four dimensional manifold by making use of the superdif-
feomorphisms symmetry. This is done in two steps: first we extend the classical analysis
of [13] to a four dimensional Riemannian manifold, constructing the superdiffeomorphism
transformations, which are nothing else than a generalisation of the vector supersymmetry
in a curved space-time[15], [16]. And this will make the subject of section 2.
Second, we discuss the ultraviolet behaviour of the topological Yang-Mills, where we will
use the algebraic renormalization techniques, which suppose the existence of a substraction
scheme. This is not true for any curved manifold, but at least such substraction scheme
exists in manifolds which are topologicaly equivalent to the four dimensional flat space-time
and endowed with asymtotically flat metric. As the topology does not modify the short-
distance (the ultraviolet) behaviour of the theory, then in our analysis we expect the same
ultraviolet properties as in the flat space–time limit [13]. This will be done in section 3. The
paper ends with a conclusion.
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2 The Classical analysis in the Landau Gauge
We devote this section to the investigation of the properties of the topological Yang-Mills
theory on a curved Riemannian manifold M endowed with a metric gµν .
In the Landau gauge and in the context of such a geometrical background the gauge fixed
action is:
Σgf = s
∫
M
d4x
√
g
{
gµαgνβχaαβF
a+
µν − gµν(∂µϕ¯a)ψaν − gµν(∂µc¯a)Aaν
}
, (1)
where s, is the nilpotent BRS operator, g is the determinant of the metric gµν and g
µν its
inverse. The other fields have their values in the adjoint representation of the gauge group
G, which is a Lie group, supposed to be compact. fabc denots the structure constants.
We have also:
F a+µν =
1
2
(F aµν + F˜
a
µν), (2)
with
F˜ aµν =
1
2
ǫµναβg
αρgβσF aρσ, (3)
and
F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµAcν , (4)
being the curvature associated with the gauge connection Aaµ. The topological ghost is
represented by the field ψaµ.
The full set of BRS transformations of the fields is:
sAaµ = −(Dµc)a + ψaµ,
sψaµ = f
abccbψcµ + (Dµϕ)
a,
sca = 1
2
fabccbcc + ϕa,
sϕa = fabccbϕc,
sc¯a = ba, sba = 0,
sϕ¯a = ηa, sηa = 0,
sχaµν = B
a
µν , sB
a
µν = 0.
(5)
ca and ϕa are the two scalar ghost fields corresponding respectively to Aaµ and ψ
a
µ. We
have also the three couples (χaµν , B
a
µν), (ϕ¯
a, ηa) and (c¯a, ba) each consisting of an antighost
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field and the corresponding Lagrange multiplier. The Lagrange multiplier Baµν enforces the
instantonic condition
F a+µν = 0, (6)
whereas ηa and ba enforce the gauge fixings for the two fields ψaµ and A
a
µ respectively. The
next step is to introduce the external sources [18] coupled to the BRS transformations which
are non linear in the fields. This external sources generate the external part of the action,
which we denote by Σext:
Σext =
∫
M
d4x
{
Ωaµ(Dµc)
a + τaµ(sψaµ) +
1
2
Lafabccbcc +Da(sϕa)
}
, (7)
where Ωaµ and τaµ are contravariant vector densities of weight one, whereas La and Da are
scalar densities, also of weight one. If we let the sources transform under BRS [13] according
to:
sτaµ = Ωaµ, sΩaµ = 0,
sDa = La, sLa = 0.
(8)
then Σext can be written in the simpler form:
Σext = s
∫
M
d4x
(
τaµ(Dµc)
a + 1
2
Dafabccbcc
)
, (9)
This leads to the total action:
Σ = Σgf + Σext (10)
which is just an s-exact expression:
Σ = s
∫
M
d4x
{√
g
(
gµαgνβχaαβF
a+
µν − gµν[∂µϕ¯a]ψaν − gµν [∂µc¯a]Aaν
)
+
+ τaµ(Dµc)
a + 1
2
Dafabccbcc
}
, (11)
Note that the operator s is nilpotent.
One can notice that in (11) the metric gµν is introduced through a trivial BRS variation
term, then the physical objects are metric independent. In this case the metric is just a
gauge parameter.
The above arguments allow us to extend the BRS transformation [17] by letting s acting on
the metric [15] in the following way:
sgµν = gˆµν , sgˆµν = 0. (12)
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Let us now, give in table (1) the dimensions an the ghost numbers of the set of the fields
described above:
Aaµ ψ
a
µ c
a ϕa χaµν B
a
µν ϕ¯
a ηa c¯a ba Ωaµ τaµ La Da gµν gˆµν
dim 1 1 0 0 2 2 2 2 2 2 3 3 4 4 0 0
ΦΠ 0 1 1 2 -1 0 -2 -1 -1 0 -1 -2 -2 -3 0 1
Table 1: Dimensions and ghost numbers of the fields
The next step is to generalise the vectors supersymmetry found in [13], to a curved
space-time. To this end we propose the following set of transformations with respect to a
contravariant vector field ξµ of ghost number +2.
δS(ξ)A
a
µ = 0, δ
S
(ξ)ψ
a
µ = LξAaµ,
δS(ξ)c
a = 0, δS(ξ)ϕ
a = Lξca,
δS(ξ)χ
a
µν = 0, δ
S
(ξ)B
a
µν = Lξχaµν ,
δS(ξ)ϕ¯
a = 0, δS(ξ)η
a = Lξϕ¯a,
δS(ξ)c¯
a = Lξϕ¯a, δS(ξ)ba = Lξc¯a − Lξηa,
δS(ξ)τ
aµ = 0, δS(ξ)Ω
aµ = Lξτaµ,
δS(ξ)D
a = 0, δS(ξ)L
a = LξDa,
δS(ξ)gµν = 0, δ
S
(ξ)gˆµν = Lξgµν .
(13)
It is straightforward to check that the anticommutator between the BRS operator s and the
superdiffeomorphisms operator δS(ξ) closes on the Lie derivatives in the direction of ξ
µ:
{s, δS(ξ)} = Lξ. (14)
At the functional level, the superdiffeomorphism transformations, are implemented by means
of the following Ward operator WS(ξ):
WS(ξ) =
∫
M
d4x
∑
f
δS(ξ)f
δ
δf
, (15)
where f describes the set of all the fields transforming under δS(ξ).
Now, we let the operator WS(ξ) acting on the total action (11), and we get:
WS(ξ)Σ = s
∫
M
d4x{√ggµνLξ[(∂µϕ¯a)Aaν ]}. (16)
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At this point, one can remark that in the special case where ξµ is a Killing vector (Lξgµν = 0)
the right hand side of (16) will vanish. But in a general situation such breacking exist, which
is quadratic in the quantum fields. this will generate problems at the quantum level, if one
would try to quantise this model. Fortunately, one can control such a non-linear breacking
by absorbing it in the original action by introducing two auxilliary fields [19], which we will
call Lµν and Mµν . they are both symmetric contravariant tensors of rank two and weight
+1.
By adding to the original action (11) the new term
ΣL,M = −
∫
M
d4x[LµνΞµν −MµνsΞµν ]. (17)
with:
Ξµν = (∂µϕ¯
a)Aaν (18)
we will get a vanishing right hand side in (16). So, our action takes the following form:
Σ = Σgf + Σext + ΣL,M . (19)
And in order to preserve the BRS invariance of this new action, we impose the following
transformations on the two fields Lµν and Mµν :
sMµν = Lµν , sLµν = 0. (20)
Under the superdiffeomorphisms the auxilliary fields transform as:
δS(ξ)M
µν = Lξ(√ggµν),
δS(ξ)L
µν = Lξ[Mµν − s(√ggµν)].
(21)
guaranteeing both, the absence of the hard breacking in (16) and the validity of (14).
So, now we have the following identity:
WS(ξ)Σ = 0 (22)
where WS(ξ) is the operator defined above in (15), and f includes now Lµν and Mµν .
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In table (2) we give the dimensions and the ghost numbers of the fields Lµν and Mµν :
Lµν Mµν
dim 0 0
ΦΠ 2 1
Table 2: dimensions and ghost numbers of the auxilliary fields.
At the functional level, the BRS invariance of the action is characterised by the Slavnov
identity:
S(Σ) =
∫
M
d4x
(
ψaµ
δΣ
Aaµ
− δΣ
δΩaµ
δΣ
δAaµ
+ ϕa
δΣ
δca
+
δΣ
δLa
δΣ
δca
+
δΣ
δτaµ
δΣ
δψaµ
+
+
δΣ
δDa
δΣ
δϕa
+ 1
2
Baµν
δΣ
δχaµν
+ ηa
δΣ
δϕ¯a
+ ba
δΣ
δc¯a
+ Ωaµ
δΣ
δτaµ
+
+ La
δΣ
δDa
+ 1
2
Lµν
δΣ
δMµν
+ 1
2
gˆµν
δΣ
δgµν
)
= 0 (23)
from which one can write down the correponding linearised Slavnov operator:
SΣ =
∫
M
d4x
(
ψaµ
δ
δAaµ
− δΣ
δΩaµ
δ
δAaµ
− δΣ
δAaµ
δ
δΩaµ
+ ϕa
δ
δca
+
δΣ
δLa
δ
δca
+
δΣ
δca
δ
δLa
+
+
δΣ
δτaµ
δ
δψaµ
+
δΣ
δψaµ
δ
δτaµ
+
δΣ
δDa
δ
δϕa
+
δΣ
δϕa
δ
δDa
+ 1
2
Baµν
δ
δχaµν
+ ηa
δ
δϕ¯a
+
+ ba
δ
δc¯a
+ Ωaµ
δ
δτaµ
+ La
δ
δDa
+ 1
2
gˆµν
δ
δgµν
+ 1
2
Lµν
δ
δMµν
)
. (24)
Beside the BRS and the superdiffeomorphism invariance, the action (19) is also invariant
under diffeomorphism transformations, such that:
WD(ε)Σ =
∫
M
d4x
∑
f
Lεf δΣ
δf
= 0. (25)
where the Ward operator for the diffeomorphisms is:
WD(ε) =
∫
M
d4x
∑
f
Lεf δ
δf
. (26)
and f stands for the same fields as in (22), εµ is a contravariant vector, the parameter of the
diffeomorphisms transformations.
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For reasons, which will be clear later we change the ghost number of εµ in such a way to
render the operator (26) fermionic.
The dimensions and the ghost numbers of the parameters εµ and ξµ are given in table (3):
εµ ξµ
dim -1 -1
ΦΠ 1 2
Table 3: dimensions and ghost numbers of the parameters.
The action (19) is invariant with respect to three symmetries, the BRS, the diffeomor-
phisms and superdiffeomorphisms, each symmetry generates a Ward operator and the three
Ward operators together display the following linear algebra:
{SΣ,SΣ} = 0,{
SΣ,WD(ε)
}
= 0,{
WD(ε),WD(ε′)
}
= −WD([ε,ε′]),{
SΣ,WS(ξ)
}
= WD(ξ),{
WS(ξ),WD(ε)
}
= WS([ξ,ε]),{
WS(ξ),WS(ξ′)
}
= 0.
(27)
where we have denoted by [ , ] the graded Lie bracket, such that:
[ε, ε′]µ = ελ∂λε
′µ + ε′λ∂λε
µ. (28)
and
[ξ, ε]µ = ξλ∂λε
µ − ελ∂λξµ. (29)
Furthermore, the total action (19) also satisfies:
(i) two gauge conditions:
δΣ
δba
= ∂µ(
√
ggµνAaν), (30)
δΣ
δηa
= ∂µ(
√
ggµνψaν) + ∂µ(M
µνAaν). (31)
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(ii) two antighost equations:
δΣ
δc¯a
− ∂µ(√ggµν δΣ
δΩaν
) = −∂µ[s(√ggµν)Aaν ]− ∂µ[
√
ggµνψaν ], (32)
δΣ
δϕ¯a
− ∂µ[√ggµν δΣ
δτaν
]− ∂µ[Mµν δΣ
δΩaν
] = ∂µ[s(
√
ggµν)ψaν ] + ∂µ(L
µνAaν)− ∂µ(Mµνψaν). (33)
(iii) two ghost equations, present in the Landau type gauge [21]:∫
M
d4x(
δΣ
δϕa
− fabcϕ¯b δΣ
δbc
) =
∫
M
d4xfabc(τ bµAcµ +D
bcc), (34)
and
GaΣ = ∆aG (35)
where Ga writes as:
Ga =
∫
M
d4x
(
δ
δca
+ 1
2
fabcχbµν
δ
δBcµν
+ fabcϕ¯b
δ
δηc
+ fabcc¯b
δ
δbc
)
(36)
and ∆aG has the following form:
∆aG =
∫
M
d4xfabc
(
Dbϕc − ΩbµAcµ − τ bµψcµ − Lbcc
)
(37)
By commuting the ghost equation (34) with the Slavnov identity (23) we get a further
constraint [13]:
FaΣ =
∫
M
d4xfabc(AbµΩ
cµ + τ cµψbµ + L
ccb +Dbϕc). (38)
where Fa denote the following operator:
Fa =
∫
M
d4x
(
δ
δca
− fabcϕ¯b δ
δc¯c
− fabcAbµ
δ
δψcµ
−
− fabcτ bµ δ
δΩcµ
− fabccb δ
δϕc
− fabcDb δ
δLc
+ fabcηb
δ
δbc
)
. (39)
Further, by anticommuting (35) with (23) we get:
RaΣ = 0 (40)
with:
Ra =
∫
M
d4x
∑
ω
fabcωb
δ
δωc
. (41)
Where ω stands for all fields possessing a gauge index.
We conclude this section by noting that the above linear algebra (27) generated by the
Slavnov operator and the Ward operators for diffeomorphisms and superdiffeomorphisms, has
the same structure as in the case of the Chern-Simons theory [15] and the three dimensional
BF model [16] on a curved manifold.
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3 Quantization
So far we have considered only the classical analysis of the topological Yang-Mills on an
arbitrary curved four dimensional space-time. Now, we would like to discusse the possibility
to describe the theory at the quantum level.
The first step is the analysis of the stability and the search of possible counterterms. The
most general counterterm ∆ is an integrated local field polynomial of vanishing dimension
and ghost number, such that the perturbed action takes the form:
Σ′ = Σ +∆. (42)
It is easy to check that the perturbation ∆ obeys the following constraints:
δ∆
δba
= 0, (43)
δ∆
δηa
= 0, (44)
δ∆
δc¯a
− ∂µ(√ggµν δ∆
δΩaν
) = 0, (45)
δ∆
δϕ¯a
− ∂µ(√ggµν δ∆
δτaν
)− ∂µ(Mµν δ∆
δΩaν
) = 0, (46)
∫
M
d4x
δ∆
δϕa
= 0, (47)
Ga∆ = 0, (48)
Fa∆ = 0, (49)
Ra∆ = 0, (50)
SΣ∆ = 0, (51)
WD(ε)∆ = 0, (52)
WS(ξ)∆ = 0. (53)
The first two equations (43) and (44) imply that ∆ is independent of the fields ba and ηa.
From the next two equations (45) and (46), it follows that ∆ depends on c¯a, Ωaµ, ϕ¯a and
τaµ only through the two combinations:
Ω˜aµ = Ωaµ −√ggµν∂ν c¯a −Mµν∂νϕ¯a (54)
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and,
τ˜aµ = τaµ −√ggµν∂νϕ¯a. (55)
The last tree equations (51), (52) and (53) can be put together [22] in such a way that they
generate a single cohomology problem [15] and [16]:
δ∆ = 0 (56)
where δ denots a nilpotent operator:
δ2 = 0 (57)
given by:
δ = SΣ +WD(ε) +WSξ + U(ξ) + V(ε). (58)
with:
U(ξ) =
∫
M
d4x[ε, ξ]µ
δ
δξµ
, (59)
and
V(ε) =
∫
M
d4x{1
2
[ε, ε]µ − ξµ} δ
δεµ
. (60)
In order to solve the cohomology problem (56) it is useful to introduce a filtring operator 2
[23], which will induce a splitting of the operator δ as:
δ = δ0 + δ1 + ...+ δN (61)
where the δn increase the homogeneity degree by n unites. This will reduce the original
cohomology problem (56) to a simpler one involving the operator δ0:
δ0∆ = 0, (62)
the nilpotency of the whole operator δ (57) implies:
δ0δ0 = 0 (63)
Now, let us give the explicite expression of the nilpotent operator δ0:
δ0 =
∫
M
d4x
(
ψaµ
δ
δAaµ
+ ϕa
δ
δca
+ 1
2
Baµν
δ
δχaµν
+ ηa
δ
δϕ¯a
+ ba
δ
δc¯a
+
+ Ωaµ
δ
δτaµ
+ La
δ
δDa
+ 1
2
gˆµν
δ
δgµν
+ 1
2
Lµν
δ
δMµν
− ξµ δ
δεµ
)
(64)
2All fields have homogeneity degree one, except ca, ϕa, τaµ and Ωaµ to which we attribute homogeneity
degree two.
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which implies the triviality of the cohomology of δ0: all the fields transform as a doublet
under δ0. This means that the cohomology of δ0, which is the space of all solutions of (62)
modulo cocycles δ0∆¯, is empty. Now, it is important to stress that the cohomology of δ is
isomorphic to a subspace of the cohomology of δ0 (see for instance [23]). This implies the
triviality of the cohomology of δ.
This last result leaves us with the most general counterterm, which is a δ-exact variation
solving (56):
∆ = δ∆ˆ. (65)
Then the most general counterterm obeying the constraints (43) – (50), takes the the fol-
lowing form:
∆ = δ
∫
M
d4x
(
α1A
a
µ[Ω
aµ −√ggµν∂ν c¯a −Mµν∂νϕ¯a] + α1ψaµ[τaµ −
√
ggµν∂νϕ¯
a]+
+ α2f
abc√ggµρgνσAaµAbνχcρσ + α3
1√
g
gρσM
ρσAaµ[τ
aµ −√ggµν∂νϕ¯a]+
+ α4
1√
g
gρσM
µσAaµ[τ
aρ −√ggρν∂νϕ¯a] + α5gµσgˆµνAaσ[τaν −
√
ggνρ∂ρϕ¯
a]+
+ α6
√
ggµρgνσAaρ∂σχ
a
µν + α7[τ
aµ −√ggµν∂νϕ¯a]∂µca+
+ α8gµνM
µνgρλgσκχaλκχ
a
ρσ + α9M
µρgνλχaλµχ
a
νρ+
+ α10
√
ggµν gˆµνg
ρλgσκχaλκχ
a
ρσ + α11
√
ggµρgˆµσg
νλgσκχaλκχ
a
νρ
)
. (66)
where the αi are constant coefficients. Let us now remark that the parameters of diffeomor-
phisms and superdiffeomorphisms are present explicitly in the expression of the δ operator
(58). And as the action (19) is independent of ξµ and εµ the above counterterm has also to
be independent of such parameters. This further requirement will reduce (66) to:
∆ = SΣ
∫
M
d4x
(
α1A
a
µ[Ω
aµ −√ggµν∂ν c¯a −Mµν∂νϕ¯a] + α1ψaµ[τaµ −
√
ggµν∂νϕ¯
a]+
+ α2f
abc√ggµρgνσAaµAbνχcρσ + α3
√
ggµρgνσAaρ∂σχ
a
µν+
+ α4[τ
aµ −√ggµν∂νϕ¯a]∂µca + α5gµνMµνgρλgσκχaλκχaρσ+
+ (−4α5)Mµρgνλχaλµχaνρ + α5
√
ggµν gˆµνg
ρλgσκχaλκχ
a
ρσ+
+ (−4α5)√ggµρgˆµσgνλgσκχaλκχaνρ
)
(67)
where we have used the equality (58). Now we can observe that in the flat space limit (67)
reduces to the counterterm already found in [13].
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The other important point to discuss in the framework of renormalization theory, is the
question of the existence of anomalies.
In our case, and due to the triviality of the cohomology of δ, the Slavnov identity as well as
the two Ward identities of diffeomorphisms and superdiffeomorphisms are not anomalous.
Then they can be promoted to the quantum level.
Concerning the constraints (43) – (46) they can be also promoted to the quantum level by
using standard arguments [20].
The two ghost equations possess a linear breacking, and they are also valid at the quantum
level [21].
This will conclude our proof of the ultraviolet renormalization of the topological Yang-Mills
considered in a curved space-time, topologically equivalent to a flat space-time and endowed
with an asymptotically flat metric.
4 Conclusion
We could extend the renormalization of the topological Yang-Mills theory, already present
and carried out in the flat space, to a curved manifold by using the strategy of [15], [16].
Where the manifold has to be topologically equivalent to a flat space and possessing an
assymptotically flat metric in order to guarantee the existence of a substraction scheme,
which has not to be specified in the framework of the algebraic renormalization. The most
general counterterm was also constructed, and the results of [13] is in accordence with our
analysis in flat space–time limit.
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